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1 Introduction 



Chiral perturbation theory [1-3] (xPT) is the effective theory of QCD at small external mo- 
menta. In the low-energy regime, the leading singularities of QCD Green functions of quark 
currents are generated by the octet of light pseudoscalar mesons {Ti,K,r]), the explicit de- 
grees of freedom in the effective theory. xPT is constructed by exploiting the chiral sym- 
metry of QCD in the limit of massless light quarks (we consider here the three-flavour case 
with rUu = tTLd = mg = 0), its spontaneous symmetry breaking according to the pattern 
SU{3)l X SU{3)r SU{3)v and its explicit breaking due to nonvanishing quark masses. 

The structure of the effective Lagrangian is determined by chiral symmetry and the discrete 
symmetries of QCD. It is organized as an expansion in derivatives of the Goldstone fields and in 
powers of the light quark masses (m^). In the standard scenario the two expansions are related 
{ruq ~ 0{M'^) ~ 0{p^)) and the mesonic effective chiral Lagrangian takes the form 

Aff=E^2r' ^ir-o{p-^). (1.1) 

n>l 

The intrinsic scale of this expansion is set by the lightest mesonic non-Goldstone states 
(A^ ~ My ~ 1 GeV). The effective Lagrangian depends on a number of low-energy constants 
(LECs), which are not determined by symmetry considerations, encoding the underlying QCD 
dynamics. Applications of current interest require working to NNLO (C(p^)) [4]. Since 
involves 90 LECs for three light flavours [5-7], a theoretical assessment of the size of those 
couplings is mandatory for phenomenology. 

Determining the LECs from QCD is a difficult nonperturbative problem. However, both 
empirical evidence and theoretical arguments suggest that the most important contributions to 
the LECs in the strong chiral Lagrangian come from physics at the scale A^, i.e. the physics 
of low-lying resonances. In general, the LECs can be characterized as coefficients of the Taylor 
expansion of QCD correlators around zero momentum, once the non-expandable singularities 
due to Goldstone modes have been removed. If the appropriate correlators are order parameters 
of spontaneous chiral symmetry breaking (vanishing to all orders in QCD perturbation theory) , 
they fall off at high momenta with an inverse power determined by the operator product expan- 
sion (OPE). Therefore, the LECs are expected to be sensitive to the intermediate- momentum 
region where the low-lying hadronic resonances turn the polynomial behaviour of the correlator 
into an inverse-power behaviour, as required by the QCD short-distance constraints. 

The natural framework to incorporate systematically the above considerations is provided 
by the 1/Nc expansion of QCD [8,9]. Earher studies of resonance saturation for C(p^) couphngs 
[10-12] can be embedded in this framework [13-15]. A number of more recent works has already 
applied large- A^c techniques to estimate subsets of the 0{p^) LECs [16-21]. A few studies at 
next-to- leading order in the 1/Nc expansion have also been performed [22]. In this work we 
aim to study systematically resonance contributions to the full to leading order in 1/Nc- 
We first recall the salient features common to most procedures based on the 1/A^c expansion, 
describing along the way several approximations used in this work. We then comment on the 
specific aspects that characterize the interaction between Goldstone modes and resonance fields. 



2 



Matching at leirge Nc 

In principle, the matching of QCD with xPT is straightforward in the Nc —>■ oo hmit 
(QCDoo)- To leading order in the I/Nq expansion, any correlator of quark bilinears (Ji...J„) 
is given by a sum of tree-level diagrams involving interactions of an infinite tower of narrow 
meson states with appropriate quantum numbers ^. Hadron masses and couplings are adjusted 
so as to satisfy chiral Ward identities and to match the QCD asymptotic behaviour at large 
momenta. The Taylor expansion of the correlator around vanishing momenta, after removing 
the Goldstone poles, allows one to read off the corresponding chiral LECs. 

In practice, since a solution to QCDqo is not available, one has to make a set of approxi- 
mations in implementing the matching outlined above. The main approximations involve trun- 
cating the hadronic spectrum to a finite number of states and choosing the appropriate set 
of short-distance constraints to determine the hadronic parameters. In this work we truncate 
the spectrum to the lowest-lying resonance multiplets with given J^^ . We consider explicitly 
the channels V(l ), A (1^^), S (0^+), P(0 ^). This choice has to be considered a working 
hypothesis that can be extended if needed. It is based on the observations that (i) the low-lying 
hadronic spectrum has the largest impact on the LECs; (ii) the QCD asymptotic behaviour sets 
in at energies E 1.5 GeV (for correlators that are order parameters of spontaneous chiral 
symmetry breaking the fall-off is well reproduced by a few hadronic states [13]); (iii) retaining 
only lowest-lying states leads to a successful phenomenology for 0{p^) couplings [10]. 

In this work we disregard the lightest P(0 ^) singlet because the 1]' meson plays a special 
role in the \aige-Nc counting [3,23,24]. The contributions of rj' exchange to the LECs of 0{p^) 
are worked out in an accompanying paper [25]. 

Concerning the short- distance constraints, the minimal requirement is that the Green func- 
tions obey the asymptotic behaviour dictated by QCD to leading power in the inverse large 
momenta. In addition, although not derived from first principles, it is heuristically inferred [26] 
and phenomenologically supported that form factors of QCD currents should vanish smoothly 
at large momenta. It should be kept in mind, however, that there are intrinsic limitations of 
the matching program when only a finite number of resonance multiplets are included (e.g., 
Refs. [19,21]). 

Lagrangian formulation 

The matching strategy outlined above can be pursued within or without a Lagrangian de- 
scription of the chiral invariant Goldstone-resonance interactions. One useful aspect of the 
Lagrangian formulation is that, within a given set of assumptions on the large-iVc spectrum, 
it provides a common framework to study many observables or correlators at the same time as 
opposed to constructing different hadronic ansatze on a case-by-case basis. Another important 
feature of the Lagrangian approach is that the resonance fields can be integrated out at the 
level of the generating functional as opposed to expanding resonance propagators in individual 
Green functions. This allows one to obtain all resonance contributions to the 0{p^) chiral LECs 
once and for all, even before specific values of the resonance couplings have been determined by 
the short-distance analysis. 

In the strict large- A^c limit the hadronic Lagrangian Coo has to be used at tree level only. Its 

^Crossing and unitarity imply that the correlators can be obtained by tree- level insertions of an appropriate 
hadronic Lagrangian [9]. 
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couplings are determined in such a way that the corresponding Green functions reproduce the 

asymptotic behaviour of QCDoo- Although the construction of £00 is a formidable task, progress 
can be made if one considers a limited set of hadronic states and if one focuses on the subset of 
Coo that, upon integrating out heavy fields at tree level, contributes to the chiral Lagrangian up 
to a given chiral order only. This limits both the number of resonance fields and the chiral order 
of the respective terms in the resonance Lagrangian. The first systematic studies in this direction 
go back to Refs. [10, 11] where the most general £00 contributing to £4^^ was constructed and 
the equivalence of different representations for spin-one fields was demonstrated, once the Green 
functions generated by C^o are forced to satisfy the correct asymptotic behaviour dictated by 
QGD. 

In this paper we perform the first steps towards a systematic study of resonance contributions 
to within the truncated large- A^c niatching described above. The program involves several 
tasks: 

i. Construct the most general chiral invariant Lagrangian describing the interactions of Gold- 
stone modes with V, A, S, P meson resonance fields that contributes to after in- 
tegrating out the resonance fields. Apart from kinetic and mass terms for the resonance 
fields, it has the following structure: 

where £(|^+(4)+(6) — + + is the Goldstone chiral Lagrangian up to 0{p^). 

>C|'^j is a term of chiral order involving the resonances specified in [...], i.e. up to cubic 
terms in resonance fields. Higher-derivative operators can be added to the Lagrangian. 
Although they cannot contribute to Cq^^ such operators may be required in order to satisfy 
short-distance constraints [27]. By using field redefinitions, we identify the minimal set 
of resonance couplings contributing to JO^^^. It is important to distinguish between vC^n^ 
and £(^^) for n > 1 (£2^^ = J^f^) although both have the same structure and operators. 
£2n^ denotes the full chiral Lagrangian whereas £(^^) is part of the large-A'c inspired 
Lagrangian (1.2) where the meson resonances are still active degrees of freedom. 

We adopt here the antisymmetric tensor representation for spin-one mesons [2,10]. Al- 
though we do not explicitly prove the equivalence with the Proca formalism to 0{p^), 
we expect that our results are representation independent once the Lagrangian couplings 
are forced to satisfy QGD short-distance constraints. In this way we reproduce the well- 
known results for the low-energy constants of 0{p'^): the antisymmetric tensor representa- 
tion provides the simplest possible framework where short-distance constraints imply [11] 
the absence of in Eq. (1.2). At 0{p^) this issue remains to be clarified (see also 
subsection 3.1). 

ii. Integrate out resonance fields and express the 0{p^) LEGs in terms of resonance masses 
and couplings. 

iii. Determine or at least constrain the resonance couplings by enforcing the correct asymptotic 
behaviour of appropriate QGD Green functions. 
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In this work we complete the first two goals outlined above. In Sec. 2 we explain how 
chiral symmetry constrains the structure of the Lagrangian describing the interaction between 
Goldstone bosons and resonance fields. We proceed in Sec. 3 to eliminate the resonance fields 
with the help of their equations of motion to obtain a parametrization of the LECs of 0{p^). 
Sec. 4 is committed to explore the consequences of short-distance constraints for the resonance 
couplings. We incorporate known constraints from all relevant two-point functions. In Sec. 5, 
we reanalyse the three-point functions (VAP) and {S P P) [20,21] within the present scheme. 
In Sec. 6 we collect our conclusions. Several appendices complement the results achieved in this 
article. 



2 Chiral resonance Lagrangian 

In this section we construct the most general Lagrangian £oo of Goldstone and resonance fields 
consistent with SU{3)l x SU{3)r chiral symmetry, parity (P), charge conjugation (C) and the 
Nc — > CO limit. We only retain those operators in C^o that contribute to chiral LECs of up to 
0{p^) after integrating out the resonance fields. Since chiral symmetry plays a major role in 
constraining the structure of the Lagrangian we shortly review the formalism of broken chiral 
symmetry and nonlinear realizations of the chiral group below. 



2.1 Building blocks 



With massless hght quarks {q^ — (w, d, s)), the QCD Lagrangian (omitting the heavy-quark 
part) 



(2.1) 



is invariant under global SU{3)l x SU(3)r transformations of the left- and right-handed quarks 
in fiavour space: ql^r ql^r ql^r , ql^r G SU{2,)l,r- The chiral group G = SU{3)l x SU{3)r is 
spontaneously broken to the diagonal subgroup SU (3)y. According to Goldstone's theorem [28], 
eight pseudoscalar massless bosons appear in the theory. 

The Goldstone fields ip parametrize the elements u{ip) of the coset space SU{3)l x SU{3)r/ 
SU{3)v, transforming as 

u{^) u{^') = gRu{if)h{g, ip^^ = h{g, ip)u{ifi)gl^ (2.2) 

under a general chiral rotation g = {gL,gR) G G in terms of the SU{3)v compensator field 
h{g, if). An explicit parametrization of u{ip) is given by 

i 



u(ip) — exp 



V2F 



(2.3) 



with 



/ 1 



TT 



V2 V6 



^8 



TT 



+ 



K+ 



TT 



K- 



5 



The nonhnear reahzation of G on massive non-Goldstone fields depends on their transfor- 
mation properties under the unbroken subgroup SU{3)v [29]. In this work we consider massive 
states transforming as octets (Rg) or singlets {Rq): 

Rs ^ h{g, if) Rs h{g, cp)'' , Ro ^ Ro , (2.4) 

with the notation Rs — l/-\/2^^ Ajit^j. In the large- A^c limit, octet and singlet become degen- 
erate in the chiral limit (with common mass Mr) , and we collect them in a nonet field 

R^^XiRi/V2 + Rq/Vs 1 . (2.5) 

i 

In order to calculate Green functions of vector, axial- vector, scalar and pseudoscalar densities, 
it is convenient to include in the QCD Lagrangian external hermitian sources r^^, s,p: 

Cqcd = Cqcd + ^Ll^^n Ql + qRl^Tf, Qr - qL{s - ip) Qr - qR{s + ip) Ql . (2.6) 

The extended Lagrangian is invariant under local G transformations, with external sources 
transforming as 

— ^ gJ^gi + igid^^gl , 
— > gBT^^g^ + ignd^g'^R , 
s + ip — > gR{s + ip)gl. (2.7) 

Given the fundamental building blocks u{lp), R, i^, r^, s,p, the hadronic Lagrangian is given by 
the most general set of monomials invariant under Lorentz, chiral, P and C transformations. 
Invariant monomials to leading order in 1/Nc can be constructed by taking single traces of 
products of chiral operators X that either transform as 

X -.h{g,v)Xh{g,v)-' (2.8) 

or remain invariant under chiral transformations. The possible occurrence of multiple-trace 
terms will be discussed in subsection 2.2 and App. A. 

The building blocks can be labeled according to chiral power counting. Booking as usual 
u{ip) and R as C(l), d^, as 0{p), and s, p as C(p^), the independent building blocks X 

of lowest dimension are: 

[0{p)] , 
Pip')] , 
[0{p')] , 

Pip')] , (2.9) 

V^X = d^X+[r^,X] (2.10) 

in terms of the chiral connection = {u'^{d^ — ir^)u + ^((9^ — U^)u^} /2 for any operator X 
transforming as in Eq. (2.8). Higher-order chiral tensors can be obtained by taking products of 
lower-dimensional building blocks or by acting on them with the covariant derivative. 



Ufj, = i{u\d^ - ir^)u - u{di^ - iii^)u^ 

with X = 25 (s + ip) and non-Abelian field strengths F'^ - 
d^'i" - d'^e" - M^", r]. The covariant derivative is defined by 
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2.2 Constructing £, 



Having identified the building blocks and accounting for their behaviour under P, C and chiral 
transformations, one can proceed with the construction of C^o- In the Goldstone sector one 
recovers the usual xPT effective Lagrangian [3,5,6], excluding operators subleading in I/Nq. 
To distinguish Coo from the xPT Lagrangian, we use the notation for the Goldstone 

Lagrangian of instead of J0,^2r^- 

The interactions of resonances can be classified by (i) the number of massive fields and (ii) 
the number of derivatives and quark mass insertions in a given monomial. Since we are only 
interested in resonance contributions to the chiral Lagrangian up to 0{p^) only a few types of 
monomials can occur. One way to see which terms can occur is as follows: solving the resonance 
equations of motion in an expansion in the resonance masses, the fields Ri are expressed as a 
series of chiral monomials times inverse powers of Af^., with chiral monomials starting at 0{p'^). 
Therefore, for bookkeeping purposes, we can book the resonance fields as 0{p'^) and construct 
chiral Lagrangians with resonance fields up to 0{p^). These considerations lead us to write 

'-'OO — '-'{2) + ''-'(4) + ''-'(6) 

+ £L + + £f4) + £gf + £fof , (2.11) 

where C'^^ is the Goldstone chiral Lagrangian of C^:^^ is the resonance kinetic term, and 

is a sum of monomials involving the number of resonances specified in [...] with chiral build- 
ing blocks of order p". In general, higher-derivative operators can be added to the Lagrangian. 
They do not contribute to >Cg^^, but may be required in order to satisfy short-distance con- 
straints [27]. 

The Lagrangian (2.11) brings up the question of double counting. As in every effective field 
theory, the LECs carry information about physics at higher scales. Since the low-lying reso- 
nances are represented as explicit fields in the Lagrangian (2.11) the LECs in >C|^^^_(-g-) should 
only be sensitive to even higher scales beyond the lightest meson resonances. Within the ap- 
proximation of including only the lightest resonance multiplets in the analysis of QCD Green 
functions, one may even expect those truncated LECs to be negligible. At 0{p^) it could ac- 
tually be shown [11] that all local terms in C'^^ (using the antisymmetric tensor representation 
for spin-one mesons) have to vanish in order not to upset the asymptotic behaviour of QCD 
correlators. A corresponding result at 0{p^) still has to be achieved. In the following we do not 
consider nonvanishing contributions from explicitly (see, however, subsection 3.1). 

Using the antisymmetric tensor formalism for spin-one fields, the kinetic terms for resonances 
read 

1 1 M"^ 

R=S,P R=V,A 

The Lagrangian C^-. for resonance nonets of the type Ri — V{1 ), ^(1'*"'*"), 5'(0"'""^), P{0'"^) is 
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of the form [10] 



^{2) = Cd (SU^'U^) + Cm {SX+) , 

jCr^. = idm{Px-), (2.13) 



where we have adopted the standard notation for the resonance couphngs Fy, Gy, Fa, Cd, 
Cm and dm- The Lagrangian C^^^ + is sufficient to describe all resonance contributions to 

In order to obtain the resonance contributions to -C^g^, we have worked out the operators 
contributing to (70 monomials), i2^^ (38 monomials), and JC^^^ (7 monomials). In the 
construction of this basis we have eliminated redundant operators by use of: 

• Partial integration; 

• Equations of motion (EOM) for the lowest-order Goldstone Lagrangian: 

with Np the number of light flavours {Np = 3 in our case); 

• The identity 



The Bianchi identity 



- W-M- ; (2.15) 



1 i 

"^fi^up + v^r^^ + v^r^^ = , r^^ = -[u^, u„] - -f^f,^ . (2.16) 

For the Lagrangian density linear in resonance fields we find a total of 70 independent operators: 

22 17 18 13 

i=l i=l i=l 1=1 

The corresponding monomials Of^ are reported in Tables 1-4. 

For the Lagrangian quadratic in the resonance fields we find a total of 38 operators: 

^f2) = E ^n""^ ' (2-18) 

(ij)n 
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i 


Operator C]^ 


i 


Operator Of 


1 




12* 




2 




13* 




3 




14* 




4 




15* 


( v(«aw^/r + /r^^««)) 


5* 




16* 




6* 




17* 




7* 




18* 




8* 




19* 




9* 


i { Vfj,u W x+ ) 


20* 


{v,Ar,x-]) 


10* 


V^X-]) 


2lt 




11* 




22t 





Table 1: Monomials contributing to Operators that can be dismissed on the basis of field 
redefinitions and the OPE are marked with * and f, respectively (see Sec. 2.3). 

with RiRj = VV, AA, SS, PP, SA, SP, SV, PV, PA, VA. The operators are listed in Tables 5, 
6, 7. 

Finally, for the Lagrangian cubic in resonance fields there are 7 independent operators (see 
Table 8): 

£RRR _ ^ ^ yRiRjR}^ ^RiRjRk ^2 ]^g^ 

{ijk) 

The form of the EOM (2.14) implies that the number of traces is not conserved over the 
course of constructing the efi^ectivc Lagrangian. In principle, this could be circumvented at the 
cost of ignoring the EOM and writing the Lagrangian in terms of V^u^ ^. More fundamentally, 
this circumstance reflects the fact that the counting of traces in the effective theory is in general 
not in direct correspondence with the order in 1/Nc of a term. A well-known example is the 
term L7(x_)^ that receives contributions from the exchange of the rj' [3, 10,23,30,31]. 

As stated above, we do not include this particle explicitly in our Lagrangian. However, we 
devote App. A to the clarification of the role of the multiple-trace terms (sec also Ref. [25]). The 
analysis shows that 4 of the 7 multiple-trace terms need not be considered because they lead 
to subleading contributions in l/Nc- The same is true of a possible contribution oc (P)(x_) to 



^Indeed, one recovers our Lagrangian when first considering the most general expression involving exclusively 
terms with single traces and only afterwards using the equation of motion. 
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i 


Operator Of 


i 


Operator Of 


1 




9* 




2 




10* 


{A^^u^u'^r-^ + r-'^u'^u^)) 


3 




11* 


{A^^u^r-^u^ + u^r-'^u^)) 


4* 




12* 




5* 




13* 




6* 




14* 




7* 


(V{/-^^a^^"}) 


15* 


^(V[Va/;^^'']> 


8* 




16* 








17t 


(VVaV"/r) 



Table 2: Monomials contributing to Operators that can be dismissed on the basis of field 
redefinitions and the OPE are marked with * and f, respectively (see Sec. 2.3). 



i 


Operator Of 


i 


Operator Of 


1 


{SUfj,U^ UvU'^ ) 


10* 


i{S{f1'" , u^Uy } ) 


2 


( S U^j^UyU'^ ) 


11* 




3 


( S u^UyU'^u^ ) 


12* 




4 


i{Su^){V,x~) 


13* 


{SX+X+) 


5 


{Sx-){x~) 


14* 


{Sx-X-) 


6* 


{S{x+,u'^u^}) 


15* 




7* 


{Su^X+u^) 


16* 




8* 


i{S{u^,V,X-]) 


17t 




9^ 


{S){X-){X-) 


18t 


(5V,V",v+) 



Table 3: Monomials contributing to J^fiy Operators that can be dismissed on the basis of field 
redefinitions, the OPE and large Nq are marked with *, f and J, respectively (see Sec. 2.3 and 
App. A). 

2.3 Minimal operator basis for the resonance Lagrangian 

The operator basis constructed in subsection 2.2 is still redundant in the following sense. Many 
of the resonance couplings contribute to the LECs of 0{p^) in certain combinations only. The 
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i 


Operator 0[ 


i 


Operator Of 


1 


{P{h^^\ u^u, } ) 


7*4 


iiPu^uf") (x-) 


2 




8* 




3 


i{Px+){x-) 


9* 


i{P[V,n\u^]) 


4* 




10* 


^{P{X+,X-}) 


5* 




11* 




6* 


{P{V^X+.u,}) 


12^ 


z(P)(V^V'^X-) 






13t 


i(PV^V'^X-> 



Table 4: Monomials contributing to J^^^y Operators that can be dismissed on the basis of field 
redefinitions, the OPE and large Nq are marked with *, f and J, respectively (see Sec. 2.3 and 
App. A). 



i 


Operator Of ^, R^V,A 


Operator Of^ 


Operator 


1 






{PPu^uf") 


2 


{R^^u'' Ri'^ Ua) 




{Pu^Pu'') 


3 


( /?"" (/" u„) 


{SSx+) 


{PPx+) 


4 


{R^a R^'^u^u^) 






5 


{R^a{u^R^^U0 + upR'^^u'^)) 






6 


{R,,R>^''X+) 
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Table 5: Independent monomials of type Of ^, Of^, Of and Ol 



i 


0])erat()r Of^ 


0])era,t()r Of 


0])orat()r Of-^ 


1 


{{V,S,P}u^) 


t{{S, V^,}uV) 




2 


i{{S,P}x-) 




{{s,A,^}fr) 


3 


i{SP){x-y 







Table 6: Independent monomials of type Of^, Of and Of^. The operator Of (marked 
with X) can be dismissed on the basis of large Nc (see App. A). 

number of those combinations turns out to be considerably smaller than the number of original 
couplings. An elegant way to identify and to eliminate this redundancy is to make use of field 
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i 


Operator Of ^ 


Operator Cf ^ 


Operator 


1 


{[V>^'^,A,,]X-) 


t{[P,A,^]ft'') 




2 




{[P,Ai,,]u''un 




3 








4 


t{[VaV^,, A-'^ju^^) 






5 


i{[Ve.V^u, A^''']u") 






6 


liiV'^^A^^jMg-f' 







Table 7: Independent monomials of type Of , Of and Of 



RIR2R3 


Operator 0(«i.«2.-R3) 


svv 




SAA 


{SA.^A'^^) 


sss 


{SSS) 


SPP 


{SPP) 


vvv 


i{V^.V'''V'"')9pa 


VAP 


i{\V^,, A^^\ P) 


VAA 


i{V^,A^PA'^^)g,, 



Table 8: Independent monomials of type O^^^. 



redefinitions. The idea behind field redefinitions is very simple: when considering the generating 
functional of Green functions, the fields Ri are nothing but integration variables. Therefore, 
any change of variables, consistent with the symmetries and the spectrum of the original field 
theory, does not affect the Green functions generated by functional integration. 

Here we will see that redefinitions of the resonance fields will simplify the content of JC^ 
enormously. We will be able to take advantage of these shifts to discard most of the operators 
of j^f^y without generating new contributions to the 0{p^) chiral Lagrangian. However, since 
we explicitly ignore operators generated by the field redefinitions that do not contribute to the 
0{p^) chiral Lagrangian, Green functions on the basis of the simplified Lagrangian are in 
principle different from those produced by the full resonance Lagrangian. 



2.3.1 Linear field redefinitions 

We consider here transformations of the type 

Ri^Ri + Qij F^2){Rj) , (2.20) 
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where the gij are arbitrary constants and F(2)(i?j) are chiral monomials of O(p^), hnear in the 
resonance field Rj, and with the same Lorentz, C, P and hermiticity properties as Applying 
these field redefinitions to a given monomial in the Lagrangian increases its chiral order. Many 
terms in in Eq. (2.11) therefore generate monomials that can only infiuence LECs of 0{p^) 
or higher. The exceptions are the mass terms and C^2) i which one has schematically: 

-\mI{r^) -\mUr^) + 4f , 

-^(2) ^ -^(2) + -^(4) • (2-21) 

By appropriate choices of the constants gij in Eq. (2.20) we can therefore eliminate monomials 
belonging to jC^^^ while redefining some of the couplings appearing in -Cp^- 

We have found 18 possible redefinitions for vector, 17 for axial-vector, 11 for scalar and 10 
for pseudoscalar nonet fields. The complete list is reported in App. B. Using the above 56 field 
transformations we can ehminate 47 of the 70 operators of the type . There are 9 monomials 
that do not appear at all in the above field transformations: 

0^„0^„0t„0',„0',„0^, and OlOlO^,. (2.22) 

Therefore, they can certainly not be transformed away. Those of the first group in Eq. (2.22) 
can, however, all be discarded due to the bad high-energy behaviour they generate (see Sec. 4). 
Of the three remaining (multiple-trace) terms in Eq. (2.22) it is shown in App. A that Of (along 
with Of and O^) should be retained while the other two (Cf , Cf^) only lead to contributions 
subleading in 1/Nc and can therefore be dismissed. 

For the remaining terms one has to make a choice. We have adopted the strategy to eliminate 
preferentially terms with x's and leave those with many derivatives in the list because the latter 
(some will not even contribute to "simple" Green functions) have the worst possible high- 
energy behaviour and should therefore be more easily eliminated with the help of high-energy 
constraints. In our analysis, we have kept the following 15 operators (70 - 47 - 8 = 15) in the 
Lagrangian C^^y. 

OX, 0\, Ol, ox, Ot Ot Ot 0f , Ol of, Ol, of, of, of . (2.23) 



2.3.2 Nonlinear field redefinitions 

We may also consider transformations of the type 

Ri — > Ri + Qijk F{Q){RjRk) , (2.24) 

where gijk arc again arbitrary constants. The F(Q){RjRk) are chiral monomials of 0(p°) involving 
the fields Rj, Rk and with the same Lorentz, C, P and hermiticity properties as Ri. The relevant 
transformations of monomials in jCr^ are 



1 2 2 1 
■-Mj^{R ) > --ivij^\iL I -r ><-(Q) 



L^2) ^ + -^(2)^ ) (2.25) 
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thus allowing one to remove either bilinear or trilinear couplings. We have found 13 independent 

transformations of the type (2.25). They could in principle be used to eliminate all cubic 
operators (seven) and six out of the 38 bilinear operators. However, in contrast to the previous 
case of linear field transformations both the bilinear and trilinear terms are of leading chiral 
order. We have therefore chosen to keep all monomials in JC^^ and C^f^ for the time being. 

However, the redundancy will manifest itself in certain combinations of the xf'^^ and X^^j^k 
that always occur together in the LECs of 0{p^) (see App. D). 

In summary, this leaves us with a minimal Lagrangian of the form given in Eq. (2.11) where 
>C^^), and are replaced with their minimal versions. Explicitly, 

'^(i^) I minimal = (sCC, hoWCVCr, SubsCCtioU 3.1) , 

£f4) Iminimal = ^ OY + E + E + E ' (2-26) 

1=1 i=l 1=1 1=1 

2 

rSP\ — \SP n^p 

■'-(2) [minimal — / ^ \ 
1=1 

Note that Of^ has been dismissed on the basis of large Nc (cf. App. A). 



3 The chiral Lagrangian from resonance exchange 

In this section we sketch the derivation of resonance exchange contributions to the chiral La- 
grangian up to C(p^), deferring most definitions and results to App. C. The mesonic chiral 
Lagrangian in the notation of Eq. (1.1) takes the form 

C^PT ^ Cf^ + Cf^ + Cf^ + ... (3.1) 

The leading-order term 

>Cf ^ = ^ + X+) (3.2) 

contains only two LECs, the meson decay constant in the chiral limit F and the constant B 
in X = 2S(s + ip) that is related to the quark condensate. These parameters characterize the 
spontaneous breaking of chiral symmetry and they are insensitive to physics at shorter distances. 

Higher orders in the chiral expansion bring in information from higher energy scales that 
have been integrated out by evolving down to low energies. This information is encoded in the 
LECs, the coupling constants of the higher-order Lagrangians: 

10 90 
1=1 i=l 

The numbering refers to Np = 3 light flavours and we have omitted in the sums the contact 
terms involving external fields only. Explicit expressions for the operators O^^^ and can be 
found in Refs. [3,6]. 
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The chiral expansion scale ~ My indicates that the LECs receive contributions from 
energies at or above My. It is therefore natural to expect that the most important contributions 
to the LECs will come from the lightest meson resonances. This was in fact confirmed for the 
LECs of that appear to be saturated by resonance exchange [10]. A qualification is 

in order here. To leading order in 1/Nc (tree-level exchange only), no scale dependence is 
generated for the LECs. The saturation by resonance exchange at O(p^) appears to be valid for 
a renormalization scale between 0.5 and 1 GeV. Here we are going to perform the integration 
of the resonance fields up to 0{p^) in the chiral expansion assuming that a similar saturation 
holds up to this order. 

To make the expressions more compact, we rewrite the resonance couplings in the Lagrangian 
£00 in Eq. (2.11) as 

R=S,P R=V,A 

and analogously for the part bihnear in resonance fields (see App. C for the precise defini- 
tions) . 

Integrating out the resonance fields at tree level amounts to solving the EOM of the fields 
perturbatively up to the requested order. Inserting the solutions into £00 and keeping only those 
pieces contributing up to 0{p^) in the chiral expansion, we write the final results in the form 

/'i?— exchange z' i z' i z' 

'^(4+6) ~ ^--SP + ^-VA + i-SPVA ■ {o-O) 

The Lagrangians Csp, I^va and Lspya are also given in App. C. 

The Lagrangian (3.5) is of course of the general form £4^^ + CJ^'^ and we can identify the 
expressions for the LECs Lj and Cj in terms of resonance masses and couphngs. The results for 
Lj are well known [10] and will not be reproduced here. The main result of this paper are the 
resonance exchange contributions to the LECs Ci of Oijf'^ collected in App. D. 

The final results for the LECs Cj display the dependence on resonance couplings and masses. 
At this point, the information is still rather limited. On the one hand. Table D.l shows which 
LECs are not sensitive at all to resonance exchange and may therefore be expected to be 
negligible in the spirit of our approach. Closer inspection of Table D.l reveals that there are in 
addition several linear relations among the LECs, e.g., C20 = — 3C21 = C32 = C35/6 = C94/8, 
C24 = 6C28 = 3C30, etc. Finally, some of the LECs of (9(p^) are found to depend only on 
resonance couplings that already occur at 0{p^^ [10]. In fact, neglecting the contact terms, 
there are only three of them which have already been analysed [20,21]: C12, C38, Cgy. With some 
more effort, one finds that the same apphes also to C\ -|- 4C3, 3Ci — 4C4, Ci/12 — C28 + ^56*32, 
Css — Cgo [21], C91, C93, etc. 

The information in Table D.l comes from the matching of chiral resonance theory to xPT. 
Still missing is the matching of chiral resonance theory to QCD that will give us information on 
the resonance couplings and then in turn on the LECs. This matching procedure is the subject 
of Sec. 4. 
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3.1 Proca fields 



In this paper we are only concerned with the chiral Lagrangian of even intrinsic parity. In 
the resonance Lagrangian Coo in Eq. (2.11) we have tacitly assumed that also there only even- 
intrinsic-parity couplings are relevant. This is however not the full story because resonance 
exchange with two odd-intrinsic-parity vertices can also produce contributions to LECs in the 
even-intrinsic-parity sector. At 0{p^) only spin-1 exchange can contribute here but only with 
Proca vector fields instead of antisymmetric tensor fields [32]. The relevant Lagrangian with 
Proca fields V^, A^^ consists of three terms only ^ : 

A = gX O^y, + gX O^y, + 0% , (3.6) 

where 







Oh 






^fiupa ^ 



{A^{u^,f_-}) . 



(3.7) 



Integrating out the vector and axial-vector Proca fields produces an additional contribution to 
the resonance- induced chiral Lagrangian of 0{p^). In the standard basis for Np — 3 [6] we find : 



/'odd X odd 



(911 
2M^ 



O. 



(6) 
42 



2 of 



'44 



o. 



(6) 
46 



+ 2 ^ 



'47 



+ 



+ 



+ 



2glgl 
'Ml 

M'y 

A\2 



Oltj + O)"' - 2 O'^' - O 



(6) 
50 



(6) 
52 



l(6) 



(6) 



H9i 



Ml 



'53 



'55 



,(6) 



56 



(6) 



)(6) 
^59 



'70 



'72 



73 



)(6)' 
"^76 



(3.8) 



The corresponding contributions have been added to the LECs Cj in Table D.l. 

Some additional remarks are in order here. A short-distance analysis would be required 
to investigate whether the Proca-type couplings gY , g^ and g^ are actually nonzero. In fact, 
general quantum field theory (the Froissart theorem applied to 7r° Compton scattering [32]) 
does indeed require gf^ 7^ 0. The coupling g^ can be estimated from V — > P7 decays and it 
was in fact included in the 0{p^) analysis of 77 — > 7r°7r° [33]. As already noted, antisymmetric 
tensor field exchange cannot produce the terms proportional to {gXY in Eq. (3.8) for purely 
kinematical reasons. In other words, adopting the antisymmetric tensor fields everywhere would 
require the explicit addition of the terms ~ {gXY ^'^ ^^e resonance Lagrangian. With the role of 
vector and antisymmetric tensor fields interchanged, an analogous situation occurs at 0{p*) [11]. 
A corresponding short-distance analysis is not yet available for gX and g^. 



^Nonlinear resonance couplings and those involving spin-0 resonance fields start to contribute at 0{p^) only. 
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4 Short-distance constraints on the resonance couplings 



QCD imposes severe constraints on both couplings and operators of the effective field theory 
that implement the strong interactions in the nonperturbative low-energy region. The chiral 
symmetry of massless QCD, for instance, determines the structure of the operators both in xPT 
and in resonance chiral theory, as we have seen in Sec. 2. To determine the couplings themselves 
is much more involved as it would amount to solve the theory in the nonperturbative regime. On 
the other hand, we know how to describe QCD at high energies, in its perturbative domain. As 
the spectral functions of both vector and axial- vector current correlators show, the perturbative 
continuum describes them reasonably well above the resonance region. Hence we can conclude 
that for > 2 GeV we know how to handle, both qualitatively and quantitatively, the strong 
interaction. 

Our large- A^c; Lagrangian C^o in Eq. (2.11) is intended to describe the strong interactions 
in the energy region of the light-flavour resonances (My ^ E < 2 GeV). It is true that the 
phenomenologically known spectrum of resonances in this domain is only partially represented 
in £oo, as we are neglecting the rj' (see Ref. [25]) and include the hghtest nonets of resonances 
only. However, the inclusion of a more complete set of states is a systematic procedure that can 
be carried out in successive steps. In addition, heavier degrees of freedom tend to be suppressed 
by inverse powers of their mass, for instance in their contributions to the LECs. 

In the last years there has been increasing interest in the development of a hadronic de- 
scription of the energy region where resonances are active degrees of freedom, with different 
goals in mind. The Minimal Hadronic Ansatz [13] has unveiled interesting aspects of the strong 
dynamics and its role in the determination of matrix elements of operators of the effective elec- 
troweak Hamiltonian. Studies within two-, three- [16-21] or even four-point functions [34] have 
allowed to implement QCD dynamics in different approaches. The common features of these 
techniques are, on one side, the use of large- A,^ ideas and on the other hand, performing a 
matching procedure between the resonance region and the perturbative regime of QCD. The 
promising phenomenological results achieved so far encourage us to focus on these two aspects. 

Green functions are the fundamental objects of any quantum field theory. Here we are 
only interested in the colour- singlet Green functions of QCD currents, whose short-distance 
behaviour can be determined within QCD. More specifically, we concentrate on the spectral 
functions of two-current correlators and on three-point Green functions that we discuss in turn. 

4.1 Spectral functions of two-current correlators 

Within perturbative QCD the leading-order behaviour of the spectral functions of two-current 
correlators is well known (see Ref. [2] and references therein). This knowledge allows, through 
the use of dispersion relations, the construction of low-energy theorems in terms of sum rules. 

Those spectral functions have also been employed from another point of view. In the large- 
Nc limit, the QCD result is saturated with an infinite number of intermediate hadronic states. 
Hence, from the QCD behaviour one can extract information on general aspects of the individual 
contributions at large momenta and, in consequence, on the high-energy behaviour of form 
factors of QCD currents. As an example of this last procedure, let us consider the spectral 
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function of the isovector component of the vector- vector current correlator Im Fy ' (t) . At leading 
order in QCD it is known to behave like a constant : lmFy\t) = Nc/l^n [35]. To recover this 
result, each of the infinite number of hadronic contributions to this spectral function is expected 
to vanish at high t, in particular the two-pion contribution in terms of the vector form factor of 
the pion FT^(t). 

This result for the high-energy behaviour of form factors of QCD currents is also known as the 
Brodsky-Lepage condition [26] although their reasoning involves parton dynamics. As a general 
statement it says that form factors of QCD currents should vanish at high momentum transfer. 
This result is well supported phenomenologically and it has been widely applied [11, 14,36,37]. 
Here a question arises concerning form factors with resonances as asymptotic states. Of course, 
such form factors are not observable quantities. Consequently, phenomenology does not give 
us any information about their asymptotic behaviour. On the other hand, large Nc suggests 
that these form factors should be treated on the same footing as those with pseudo-Goldstone 
bosons in the final states because at leading order in the 1/Nc expansion resonances are stable. 
However, at this order there should also be an infinite number of stable resonances in the theory. 
Since we will always limit the number of resonances to a few we will adopt the pragmatic 
point-of-view that the Brodsky-Lepage condition must be satisfied for form factors with actual 
asymptotic states but not necessarily for form factors of resonances. One exception is the case 
of the {SPP) Green function where we consider also pion-to-resonance transition form factors. 

Using these and analogous ideas on the high-energy behaviour of form factors and scattering 
amplitudes we now come back to Eq. (2.22) and explain why the couplings of those operators 
must vanish. 

• The contribution of Ofj to the scalar form factor Fg(t) (where i,j are fiavour indices) 
grows linearly with t for large t. This is inconsistent with the quark counting rules unless 
Cfy is absent. Moreover, by analysing the correlator n^^_pp(t), one sees that both Cfg 
and Of^ contribute, for high t, terms linear in t and constant. The OPE implies that the 
correlator goes like for high t. Setting to zero the linear and constant terms gives 
conditions that are satisfied only if both operators Ofg and are absent. 

• The terms 0^^,0X2 and O^^ can be discarded by using exactly the same high-energy 
constraints as in Ref. [11]. Starting with elastic meson- meson scattering in the forward 
direction, (9^ is inconsistent with a once-subtracted dispersion relation. Once this term is 
dropped, the vector pion form factor requires O22 to be absent. Finally, the unsubtracted 
dispersion relation for the left-right two-point function then eliminates O^-^. 

Altogether we therefore have 







= 0, 




— '^IS 


= 0, 






= 0, 


^21 


— ^22 


= 0. 



For the parameters of the leading-order resonance Lagrangian the same type of requirements 
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PI+P2 

Figure 1: Momentum configuration for tlie Green functions 11 



ijk 
123- 



leads to the well-known conditions [11, 14,38-41] 



TP 172 172 172 772 

PV^V — i^ , Py — Pj^ — t', 

72 n#2 772 T.r2 



F^Mt. = FiMi, (4.2) 
4qc„ = F2, 8{cl-dl)=F''. 



4.2 Three-point functions of QCD currents 

The Green functions of interest are 

nf3(Pi,P2) =^' I d'xd'ye^^P-^^^--y^O\T {Jl{x)Ji{y)J^{0)}\0) , (4.3) 

where the QCD currents J* are defined as 

A' A* 
S' = qX'q , P' = qi-i^\'q , v; = q-f^-q , 4 =^7/. 75^?, (4-4) 

with the normalization (A* A-') = 25^K The momenta are assigned as shown in Fig. 1. We are 
particularly interested in those Green functions that are order parameters of the spontaneous 
breaking of chiral symmetry. They do not receive contributions from perturbative QCD at large 
momentum transfer in the chiral limit. As a consequence, their behaviour at short distances is 
smoother than expected on purely dimensional grounds. 

Chiral Ward identities, discrete and SU{'i) symmetries constrain the structure of these Green 
functions [42]. Their short- distance behaviour can be determined within perturbative QCD in 
terms of an OPE for different kinematical regimes, namely n(Api,p2)5 n(pi,Aj92)? n(Api,Ap2) 
and n(Api,p2 ~ ^Pi)-, for large A. We will only consider the leading orders both in 1/A and in 
the perturbative expansion of QCD. Consequently, our results hold up to 0{as) corrections. 

The procedure is then straightforward. We first compute the corresponding three-point 
Green functions within our approach based on the Lagrangian Coo- For the different kinematical 
regimes specified above, we then match the results with those of the OPE. In this way we obtain 
information on the couplings of the Lagrangian and therefore on the LECs Ci. The specific 
details of the matching have to be worked out in each case [16-18,20,21]. 
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5 Resonance exchange for (VAP) and (SPP) correlators 



In this section wc rcanalysc the three-point functions (VAP) and (SPP) in the present frame- 
work. In previous treatments, the chiral resonance approach was either not used at all [21] or 
with a selected set of coupUngs only [20] . 

A virtue of the resonance Lagrangian framework lies in the fact that chiral symmetry is 
built in from the start. As a consequence the chiral symmetry relations arising at special 
kinematical points hold automatically and, moreover, the corresponding high-energy behaviour 
is also inherited. An example is the relation between the (SPP) correlator and the {SS — PP) 
two point function discussed in [21]. In the framework of Ref. [21], the relation between (SPP) 
and {SS — PP) leads to independent constraints on the chosen ansatz. Here, not only is the 
relation automatically satisfied but also the high-energy behaviour is correct once the proper 
high-energy behaviour of the two-point function has been implemented. The relation between 
the (yA|7r) matrix element and the two-point function {VV — AA) is a similar case [16, 17]. 
This should also be of great advantage for the study of four- and higher-point functions. For 
this reason the relations in Eqs. (4.1) and (4.2) will be used throughout the present section. 

The role of the terms that have been removed by use of field redefinitions is less clear a 
priori. However, in the examples considered below we demonstrate explicitly that the omission 
of these terms can be justified by the asymptotic constraints. 



5.1 {VAP) Green function 

Chiral Ward identities, SU (3)y, parity and time reversal [16, 17] provide the general expression 
for the (VAP) Green function ^: 



ijk 



+ PAp,q)Hr,QMp + Qy) + QAp^q)Q{p%qMp + q)')}, (s.i) 



where the transverse tensors P^^ and Q^i, are defined by : 

P,iu{p, q) = qi,Pv - {p ■ q)9„v , 

Qi^Ap, q) = P^q/^qu + q^PuPv - {p ■ q)Pi^qu - P^q^Qiiv ■ 



(5.2) 



The (y AP) correlator was studied in Ref. [20] in a resonance Lagrangian framework. In this 
context the functions T and Q were found to be of the general structure 



Hp\q\{p + qY)- 



, h + h2P^ +hq^ , ci + C2P^ + c^q^ 
flo H 7 — : — \- 



{p + qf 



ip + qf - Ml 



g{{p',q',ip + q)')) 



(p2 - M2 )g2 



di + d2q^ 



+ 



/ 



{p + qYiq'-Ml) {p + qY-Ml 



(5.3) 



^Note that our convention for the correlator differs by a factor of (-2) compared to Refs. [17,20], whereas the 
definitions of the functions JF and Q coincide. 
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The comparison with the present resonance Lagrangian in its minimal form according to sub- 
section 2.3 shows that the analysis of Ref. [20] included all relevant terms with the exception 
of the three-resonance coupling A^^^. In Fig. 2 we show the Feynman diagrams derived from 
the resonance Lagrangian of Sec. 2 in its minimal form. Since we are also using the same no- 
tation for the couplings in the resonance Lagrangian, the results for the coefficients oq, . . . , / 
may simply be taken over from Ref. [20] except in the case of ci which receives an additional 
contribution proportional to A^"^^, 

ci = -C2MI - csMl + 8 A^^^ FvFAdm/F^ . (5.4) 

The various short-distance conditions discussed in Ref. [20] impose constraints on all but pre- 
cisely this coefficient, 

2ao = -62 = 2c2 = 2c3 = / = -1 , 63 = ^2 = , h = M\ - , di = 2Ml , (5.5) 

implying that the conclusions of Ref. [20] remain unaffected. The predictions for the chiral 
LECs may be expressed in terms of the coefficients ao, . . . , /. Therefore they coincide with the 
ones of Ref. [20], with the exception of the couphng constant Cs2 that receives a contribution 
from A^^^: 

32M4M2 32M2M|, 2M^MlMj, " ^ ' 

The predictions for this and the other LECs are of course contained in Table D.l of the present 
work. Taking into account the restrictions on the resonance couplings imposed by Eq. (5.5), we 
find, as in Ref. [20]: 

V2X0 = -4Ar = ^(^' + ' (5-7) 



V2A' = \V + ^ + >^V - 



2Mv 



V2A" = A^ - ^ - A 



^5 

.PV_ ,,Pv_ F^M'i - ^p^_Fy/Ml-M^ 



2MvMa 



Af ^ = -4Ar = - ^ , Af^ = 



AV^dmMA ' leV^dmMv ' 

where the relations in Eq. (4.2) have been used. Inserting these relations in Table D.l one 
recovers the predictions for the coupling constants C78, Cst, Css, Cgg and C90 in Ref. [20]. 

One may ask the question what would have become of these results if instead one had 
performed the calculation with the full resonance Lagrangian before the field redefinitions. We 
have in fact performed this calculation and the answer to the question is simple: the above 
result for the (VAP) correlator remains valid also in this case. The reason is that the potential 
additional contributions also lead to conflicts with the OPE and are thus required to vanish. 

5.2 {SPP) Green function 

In Ref. [21] the (SPP) Green function was analysed with a general meromorphic ansatz to 
comply with the large- iVc limit of QCD. From SU{3)v and C invariance, the (SPP) Green 
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Figure 2: Feynman diagrams contributing to Hvap in the minimal resonance Lagrangian. vr 
stands for a Goldstone boson, V, A and P denote vector, axial-vector and pseudoscalar reso- 
nances, respectively. 
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function is given in terms of a single scalar function: 



ngp(p, q) = d^'' Uspp g^ (p + qf) . (5.8) 

Bose symmetry implies that the function is symmetric in its second and third arguments. Ac- 
cording to the results of Ref. [21] it is of the form 

where the P„ are polynomials of degree n in the variables s, t and u 

Pi ^ coioit + u) , (5.10) 
P2 = coutu , 

P3 = [cillS + Co2l(t + u)]tU , 

P4 = [C21l(s^ -{t- U)^) + Ci2i{s{t + u)-{t- uf)]tU . 

As discussed in Ref. [21], the restrictions on the form of the polynomials arise from the require- 
ments that the asymptotic behaviour of the function IIspp in the various limits be no worse 
than what follows from the OPE and that the scalar and pseudoscalar (transition) form factors 
with at least one pion vanish asymptotically. The computation within the chiral resonance 
framework in its minimal version according to subsection 2.3 is straightforward. The relevant 
diagrams are given in Fig. 3 and they yield the result 



^spp{plplq') = -64^3 



-F^ c2 /I 



8g2p2 p2 _ p2 



_ rz , 1 1 ^ CmCdq-p2 



q' (pi - M|) Pi {q^ - Ml) J q^pl {pi - Ml) 

2 Cm dm Af ^ / q-pi , Pi • P2 



+ 



Pl-Ml V q'{pl-Ml) pl{q^-Ml) 



4:Cm dm Af ^ / 1 1 



pl-Ml \q^-Ml pl-Ml^ 

. (5.11) 



{q' - Ml) (pi - Ml) {pl - Ml) (g2 - Ml) (pi - Ml) 

In addition to the couplings from the Lagrangian >C^^ in Eq. (2.13), n5pp is found to depend 
on the resonance couphngs Af^ {i — 1,2), Af^ and A*^^^. Inspection reveals that this result 
is of the desired form, up to a contribution oc (Af^ -|- dm/cm){s{t + u) — t'^ — v?) to P2 that 
is in conflict with demanding that the scalar form factor involving a Goldstone boson and a 
pseudoscalar resonance fades away at high momenta. The conflict is resolved by the condition 

Af = -— . (5.12) 
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Figure 3: Feynman diagrams contributing to Hspp in the minimal resonance Lagrangian. vr 
stands for a Goldstone boson, S and P denote scalar and pseudoscalar resonances, respectively. 
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Inserting this relation in Table D.l along with the relations in Eq. (4.2) one recovers the pre- 
dictions for Ci2, C34 and C38 from Ref. [21]. 

In the resonance Lagrangian approach a new feature arises. The OPE expansion for the 
(SPP) function demands that its leading term behaves as Ilspp{X^s, X^t, X^u) ~ (9(1/A^), while 
one can see that our result of Eq. (5.11) is of Oil/X^). This should come as no surprise since the 
terms with the potential to generate 0{1/X^) contributions to the {SPP) Green function (Af 
and X^if^ have been discarded when constructing the minimal resonance Lagrangian. It turns 
out, however, that the attempt to generate C2ii,Ci2i 7^ by retaining those terms is bound to 
fail because the restrictions imposed by Eq. (5.10) require Af = Af4 = X^ = Afg = nonetheless. 
(Note that there arise contributions proportional to Af (t^ + u^) and A|'s^(t + u) in P3.) 

It is relevant to notice that, as already commented in Ref. [21], the procedure we are devising 
does not apply to all Green functions with the same settings. Contrary to the (VAP) case, 
higher-order corrections furnish the Wilson coefficients of the (SPP) function with anomalous 
dimensions and therefore the matching in the Nq — > 00 limit that we intend to enforce (with 
a finite number of meson states in the spectrum) is not fully feasible in the (SPP) case. Thus 
we take the softer approach of demanding that asymptotically our Green functions behave no 
worse than given by the OPE expansion at leading order, as implemented in Ref. [21]. 

6 Conclusions 

The LECs of xPT encode the dynamical information on the massive hadronic states of QCD, 
which are not present explicitly in the effective Goldstone Lagrangian. The most important 

contributions to the LECs are expected to originate from the low-lying mesonic resonances 
because contributions from heavier hadrons are suppressed by inverse powers of their masses. 

In the large-A^^c limit of QCD, the correlators of colour-singlet quark-antiquark currents 
are given by tree-level exchanges of infinite towers of narrow mesons. Crossing and unitarity 
imply that these sums correspond to the lowest-order approximation of some effective mesonic 
Lagrangian. The construction of this general Lagrangian, with an infinite number of hadronic 
states, is beyond our present abilities. However, truncating the hadronic spectrum to the lowest- 
lying multiplets with J^'^ = 1 , 1++, ^ and one obtains a very good approximation at 
low energies. The couplings of this resonance Lagrangian should be determined by imposing that 
the corresponding Green functions reproduce the asymptotic behaviour of QCDqo. Integrating 
out all massive fields at the level of the generating functional, one obtains the low-energy effective 
Lagrangian of the Goldstone modes. Therefore, from the resonance chiral Lagrangian one can 
determine the LECs of xPT as functions of resonance parameters. 

In this paper we have constructed the most general SU{3)l x SU{3)ii invariant Lagrangian, 
containing Goldstone bosons and the lowest-lying J-^*-^ = 1 , 1++, 0~+ and 0"*"+ multiplets, that 
contributes to jCq^^ after integrating out the resonance fields. Since any resonance exchange 
involves a suppression factor 1/M^ from the resonance propagator, we only need to consider 
terms involving one, two or three resonance fields, coupled to chiral monomials of 0{p^), O(p^) 
and 0{p^), respectively. This can also be seen by expanding the classical equations of motion 
of the resonance fields in inverse powers of the heavy masses, which shows that for -C 
the resonance fields scale as ~ 0{p^ /Mj^. 
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The number of possible chiral structures is rather large. Using partial integration, the lowest- 
order equations of motion and algebraic identities to eliminate linearly dependent terms, we have 
identified a basis of 70 monomials in -C^-j, 38 in and 7 in C^J^^- This basis is, however, highly 
redundant for the purpose of determining the LECs of 0{p^) because only certain combinations 
of the resonance couplings occur in the LECs. This can be understood through appropriate 
redefinitions of the resonance fields that leave the generating functional invariant. We have 
found a large number of linear field redefinitions of the type (2.20), allowing us to eliminate 47 
terms of the resonance Lagrangian by transforming them into structures of higher chiral 

order that do not contribute to -Cg^^. We have chosen to eliminate preferentially terms with 
X's, while keeping those with many derivatives. Higher- derivative structures generate a worse 
short-distance behaviour and, therefore, will be most easily ehminated through high-energy 
QCD constraints. In fact, six surviving operators can be discarded because they induce an 
unacceptable high-energy behaviour of two-point functions. In addition, there arc two constants 
in that only lead to contributions subleading in I/Nq- We have finally kept a total of 15 
terms in jC^^y four vector, three axial- vector, five scalar and three pseudoscalar operators. 

Once the relevant resonance Lagrangian has been determined, we have performed the func- 
tional integration of the resonance fields and obtained their contribution to the LECs of 0{p^). 
The results, given in App. D, still show the presence of redundant terms; many resonance cou- 
plings appear only in definite combinations. Again, this can be understood through additional 
non-linear field redefinitions of the type (2.24), which could be used to eliminate all seven tri- 
linear couplings and six bilinear operators. One further bilinear coupling can be dismissed on 
the basis of large A^^^. Altogether, 46 independent combinations of resonance couplings appear 
in the LECs of 0(p6). 

We have adopted the usual chiral formulation of spin-1 fields in terms of antisymmetric ten- 
sors. For completeness, we have added possible contributions to Cq^'^ from odd-parity vector 
and axial-vector terms, with 0{p^) chiral monomials in the Proca field formulation. This intro- 
duces three additional couplings, not present in the antisymmetric formalism at this order in 
the momentum expansion. The equivalence of different formalisms for vector fields, once short- 
distance constraints are taken into account, was demonstrated at O(p^) in Ref. [11]. One of 
the three Proca-type couplings contributing at 0{p^) is already known to be nonvanishing [32]. 
In the antisymmetric tensor formulation, corresponding local terms of 0{p^) would have to be 
added to the chiral resonance Lagrangian. For the other two couplings, a short-distance analysis 
remains to be done. 

The large- A'c counting is more transparent in the U{3)]^ x U{3)ji effective theory, where 
multiple-trace terms are suppressed by corresponding powers of 1/Nc- However, one needs 
then to consider the special role of the U{1)a anomaly, which is a very important physical 
effect not present at leading order in l/Nc- This can be incorporated through a more involved 
counting in powers of ~ rriq ~ l/Nc- Integrating out the singlet Goldstone field, one recovers 
the more standard SU {3)l x SU (3)/j chiral framework. This procedure is sketched in App. A, 
hereby elucidating the role of the multiple-trace terms encountered in our resonance Lagrangian. 
A more systematic analysis of the rj' contributions to the 0{p^) LECs will be given in [25]. 

The complete list of resonance contributions to the chiral couplings of 0{p^) constitutes our 
main result. It shows which LECs are not sensitive at all to resonance exchange and, therefore. 
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may be expected to be negligible. Moreover, there are interesting relations among different 
couplings, which can be useful for phcnomcnological applications, e.g., C20 = — 3C21 = C32 = 
C'35/6 = Cq4/8 or C24 = 6C28 = 3C30, etc. In a few cases, e.g., Ci + 4C3, 3Ci — 4C4, C12, 
Ci/12 - C28 + r5C32, C38, CsT, Css - C90, C91, C93, etc., the LECs only depend on 

resonance couplings already present at 0{p'^). 

Our program towards a systematic analysis of resonance contributions still involves a missing 
step: the determination of the resonance couplings through appropriate short-distance QCD 

constraints. These couplings could be fixed by enforcing a systematic matching procedure 
between the Green functions of QCDqc and their corresponding correlators in the effective low- 
energy theory. The matching cannot be exact, i.e. it is not possible to perform it for all possible 
Green functions, because that would require to introduce an infinite number of hadronic states. 
Nevertheless, it is certainly possible to accomplish a matching good enough to correctly describe 
a wide set of interesting physical observables. We have shown two known examples, the (VAP) 
and (SPP) three-point functions, which provide very useful constraints on some low-energy 
couplings. A thorough study of other three-point correlators is under way. 
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A Multiple-trace terms and rj' exchange 

The form of the EOM (2.14) implies that the number of traces is not conserved over the course 
of constructing the effective Lagrangian. In principle, this could be circumvented at the cost 
of ignoring the EOM and writing the Lagrangian in terms of V ^u^. More fundamentally, this 
circumstance reflects the fact that the counting of traces in the effective theory is in general not 
in direct correspondence with the order in 1/Nc of a term ^. 

This discrepancy is generated by the occurrence of an intermediate singlet pseudoscalar (the 
77') which in the present context is treated as massive, as is reflected by the Goldstone manifold 
being SU{3). To arrive at a classiflcation of contributions with respect to their order in 1/Nc 
one should instead start from a Lagrangian which involves the singlet held as an explicit degree 

^ There are cases where such a mismatch is introduced artificially by using Cay ley-Hamilton identities to trade 
terms with fewer traces for terms with more traces. If desired, this is repaired easily and shall not be our concern 
here. 
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of freedom. In this case the leading-order Lagrangian reads [43] 

jC^^{u,u^ + X+) + ^M^ln\detu), (A.l) 

where the tildes refer to building blocks made of an effective field u{x) G U{3). The additional 
degree of freedom, In(det'it), comes with a nonzero chiral limit mass Mq that prevents it from 

causing a 'f/(l) problem' [44]. It is well known, however, that this mass vanishes in the large- 
A*",^ limit, Mq = 0{1/Nc). The structure of the above effective Lagrangian implies a balance 
between the scales set by the momenta, quark masses and 1/Nc , 

-^ruq-^ Ml . (A.2) 

The validity of the theory relies on the assumption that all of these scales are small in comparison 
to the intrinsic scale of QCD. While that is a nontrivial assumption, the benefit lies in the fact 
that the large- A^^c counting rules are now 'canonical': terms with single traces are of order A^^ 
while additional traces reduce the order in 1/A"c by unity. Factors of In(dct-u) also lead to a 
suppression in 1/Nc, which can be understood in a framework where singlet external fields are 
present [30,31,45]. 

Contact with the standard effective theory is established when treating the mass Mq as large 
in comparison to the octet meson masses and momenta squared, such that by the EOM 

u^u{l + ^,{X-) + Oip')}, (A.3) 

with detu = 1. Proceeding in this manner, one recovers the well-known rj' contribution to the 
coupling constant L7 [3], 



An') _ -^0 ^ A 4^ 



As emphasized in Refs. [3,23], some care is needed in performing the large- A'f; limit for L7, that 
is still an open question. We refer to Refs. [24, 25] for detailed expositions in which sense L7 
can be counted as C(A'^) even though it is the coefficient of the double-trace term {x-T- 
the other hand, contributions to Li — \L2, L4 and Lq do not occur. These LECs are therefore 
booked as at large- A'c, in accordance with the double-trace structure of the corresponding 
monomials in the chiral SU{3) Lagrangian of [3]. 

Similarly, one also has the possibility to set up a resonance Lagrangian in the framework 
where the singlet field is explicitly present [31]. Apart from additional terms that involve factors 
of In(detM) one has terms of the same form as those in Eq. (2.13). Proceeding as above one 
generates the following multiple-trace terms. 



Cm{Sx+) Cm{Sx+) - ^^{Sx-){x-) + ■■■ (A.5) 



ca{Su,u^) ^ CdiSu^) + ^i{Su,)d>^{x-) + ... 



^0 
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which are obviously in direct correspondence to those generated by the apphcation of the EOM 
in Eq. (2.14). Again the occurrence of the factor Mq~^ = 0{N(.) leads to an enhancement in 
1/Nc, which is why we do not dispose of those terms. In an accompanying paper [25], the 77' 
contributions to the LECs of [3] and 0{p^) are studied in a more systematic manner. 

In the following we discuss in more detail how one arrives at our effective Lagrangian if one 
starts from a resonance Lagrangian including the rj'. In the diagram below, this Lagrangian sits 
in the upper left corner 

it it- (A.6) 

The notation is the following: a superscript TZ denotes a Lagrangian with explicit resonance 
fields, whereas superscripts in brackets denote contributions from the resonances and/or r]' in 
the couphng constants. The presence of the rj' (the chiral group being C/(3)) is indicated by 
a tilde ( ~ ). A slash (/) symbolizes the process of integrating out a field. The final effective 
Lagrangian of this work is C^^'^^ in the lower right corner. Here, we want to analyse the 
transition from the upper left to the upper right. 

Let us start with the low-energy expansion of As indicated above, the relevant expansion 
is the one where powers of momenta, quark masses and I/Nq are treated as small, according to 

p^^m,r.l/Nc^O(5), (A.7) 

where a counting parameter 5 has been introduced [30] . The expansion for our Lagrangian thus 
takes the form 

jCf^^C^ + jCf + jCf + 0{6'). (A.8) 

The leading-order term JL§- is of course nothing but the Lagrangian C in (A.l) and it is in fact 
independent of the resonance fields TZ. The term has been given in Ref. [31] and involves 
several terms of order Ncp'^ as well as one contribution (in £f ) of order N^p"^ proportional to 
In(det'u) (P), viz. 

= . . . - 2ido ln(det u) (P) . (A.9) 

Here, the resonance fields have implicitly been counted as order ^jNcp^. The factor of \/Nc 
arises simply because of the normalization of the resonance fields, whereas the power of p^ can 
be understood when treating the resonance masses as large (i.e. of order 1) and solving the 
EOM. In simplifying the expression for the Lagrangian >Cf , the EOM for the Goldstone fields 
has been used to eliminate terms involving V fjU^. In the present case it takes the form 

4i 

2W^u^' = ix- - -IT Ml In det u (A. 10) 

as one derives from the Lagrangian (A.l). 
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We now consider the terms of 0{S'^). The Lagrangian jC^ collects the contributions of order 
Ncp^, N^p'^ and A^cV^ 

= -^^Ia^cP^ + '^2^lAfgp4 + '^?ljV-ip2. (A. 11) 

The recipe to determine the first of these terms is to consult the tables of the present paper and 
identify all the terms that only involve a single trace; in those replace the effective field m by m 
and, finally, equip the associated coupling constants with tildes, i.e. 

C^Ucp'^ = XXt{V^,u^u^u''u'') + . . . (A.12) 

with all the above Af = 0{-\/Nc)- We will not attempt to give the next term exphcitly, but 
simply indicate exemplary contributions: 

>C?Lv<.p4 = \i{S){x+) + . . . + Af,(5)2 + . . . + Af„ \ndetu{Sx-) + ■ ■ ■ , 

A^(,(,^) = 0(iV^^). (A.13) 

Finally, the last piece of the 0{5'^) Lagrangian consists of a single term 

C^U-^^.^\i\^\<ietu){S), (A.14) 

with = 0{Nq^). Again, the EOM has been used to eliminate V^tt'^ terms. The difference to 
the standard framework lies in the fact that the application of the EOM does not generate factors 
of (x-) but instead factors of Indetii and thereby intertwines the three types of contributions 
to If. 

Let us now turn to the transition from the upper left to the upper right of our diagram. 
There are several contributions to be considered: 

1. When integrating out the rj' the term C]^ = C generates several purely 7]' contributions to 
low-energy constants, L^^ is an example. For these we refer to Ref . [25] . 

2. In the Lagrangian the first class of contributions is generated by replacing the field u 
by u which produces the Lagrangian (2.13). Note that the difference of u and u is of order 
p'^ when the rj' mass Mq is treated as large. 

3. Retaining terms up to 0{p^) only, the three terms generated by that difference are those 
given in Eq. (A.5). 

4. These would have been all contributions from would it not be for the term oc do 
in Eq. (A. 9). Closer inspection reveals, however, that contributions of this term can be 
neglected without significant loss of information because it exclusively leads to nonleading 
contributions in l/Nc- This can be seen from the solution of the singlet field's EOM, 

Indet u = 4^{(X-) + ^{P)} + 0{p% (A.15) 

Upon integrating out the pseudoscalar resonance P, do generates a contribution oc (x-); 
relatively suppressed by dodm/ Fq = 0{1/Nc). 
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5. It remains to work out the contributions from C^. Again, the singly traced 0{Ncp^) 
terms are in direct correspondence with the single-trace terms in the tables of the present 
work. For these one finds the trivial matching relations 

Af = Af . (A.16) 

As far as the remaining terms are concerned they either lead to genuinely suppressed 
contributions (A^, A;^,, etc.) or to contributions that are suppressed relatively to the lead- 
ing 7]' exchange contributions. For instance, the contribution of A;^ ln^(det ■it)(S') to the 
term is of O^Nc), whereas the leading-order contributions to this term are of 

0{N'^) [25]. For this reason we will simply neglect these terms altogether. 

To summarize, the transition from the upper left to the upper right of our diagram has lead to 
a resonance Lagrangian that consists of single-trace terms only, up to three double-trace terms 
Of, 0§ and as given exphcitly in Eq. (A.5). 



B Field redefinitions 

In this appendix we report some details of our analysis of linear field redefinitions. Let us start 
by listing the allowed redefinitions for resonance fields. 



Redefinitions for vector meson fields 



1) Vi,, V^, + g [A^,, X-] , 

2) V^, V,, + zg{ [A^a , M -[A,^, f.^^]) g^f" , 

3) V,, V,, + zg{[A,^,h'^^]-[A^^,K]) , 

4) V^, V^, + zg {[V^P,u,] - [V,P,u^]) , 

5) V^, V^, + ig [P, /_^,] , 

6) Vfj,,, — > Vf,^ + ig {S , [u^, u^]} , 

7) Vf,^ — ^ V^u + g {S , f+t,y } , 

8) Vi,y — > Vf,^ + ig (u^, Su^ -u^S u^) , 

9) V^, V + , (B.l) 

10) V^, V^, + g {V^,,x+} , 

11) Vu,„ — ^ Vf,^ + g UaV^^u°' , 

12) V^, V,, + ig{ [U,o. , Vp,] - , Vp,] ) g^^ , 

13) Vf,^, > V^,y + g {U°' V^a + Uy Vf,a - - Vyoc ) , 

14) v^, i^^. + ^7 ([K,w1 , Ka] - [K,w1 , v;,]) , 

15) v^, v;, + Ka} - {K,«"}, v;„}) , 

16) V^^ V^, + ig {[V^A,^ - V.A^„, «"]) , 

17) v^, v;.. + [v« V' ' 

18) V^, ■^;- + ^<7([V"^a.,H^] - [V"^«^,«.]) . 
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Redefinitions for scalar fields 



1) S ^ >S + y{V^A^^^^.} , 

2) S ^ S + g{A^\f^,,} , 

3) S ^ S + ig{V^\ui,u,} , 

4) S ^ S + g{V^\U,,} , 

5) S ^ S + igu^V^u, , 

6) S ^ S + g{V^P,u''} , (B.2) 

7) s ^ S + ig{P,x-} , 

8) S ^ S + igP{x-) , 

9) S — > S + g {S, , 

10) S S + g{S,x+} , 

11) S — > S + g UaSu" . 



Redefinitions for axial-vector fields 



1) A^u — > A^^, + g [V^^, , X-] , 

2) V A^, + ig{[V^^, f_p,] - [Ka , U^) 9'^^ , 

3) V A^, + ig{[V,^,h''^]-[V^^,K]) , 

4) A^^ — > A^^ + ig [P, f+^^] , 

5) ^^z/ — ^ Af,^ + g [P , [u^, u„]] , 

6) A^, V + ^ ({V^5, M,} - K^}) , 

7) ^/ii/ A^^ + g {S , f^^u } , 

9) V ^ V + { > X+ } , (B.3) 

10) A^y >■ A^jy ~\~ g A^y u" , 

11) — > A^, + ig { [U^^ , A^,] - , A^^] ) g"^ , 

12) yl^jy > Ay^;^ + ( "U A^Q, M,^ + Ui, A^a U — U Aya Ufj, — Ay^ ) ) 

13) V — > A^, + ^ , - [K,m"] , A^,]) , 

14) A^, — > A^, + g {{{u^,u"} , A,a} - {{u,,u''} , A^^}) , 

15) V A^u + ig {[^^^V,^ - ^uV^a,^]) , 

16) V — ^ V + [Va V, ^^"] , 

17) V V + ([v"v;,, - [v"Km, M.]) . 
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Redefinitions for pseudoscalar fields 



1) P ^ P + ig[A'^\U,.] , 

2) P ^ P + ^[A^^^^^^^,] , 

3) P ^ P + ^^[V^y'^^^^.] , 

4) P ^ P + i g [V^\ f_^,] , 

5) P ^ P + g{V^S,u''} , (B.4) 

6) P ^ P + ig{S,X-} , 

7) P ^ P + igS{x-) , 

8) P ^ P + g{P,u^u^} , 

9) P ^ P + g{P,x+} , 
10) P — > P + g UaPu"" . 

Applying the redefinitions of tlie resonance fields Ri to generates monomials On^ of . 
The results are reported in Tables B.l, B.2, B.3. Note that when considering redefinitions of V 

and S, we cannot eliminate both entries in a given line in the tables at the same time because 
the ratios Fy/Gv and Cd/cm are fixed. 
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Table B.l: Results of applying redefinitions of V fields to JC 
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Table B.2: Results of applying redefinitions of A and P fields to and Cf^ 
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Table B.3: Results of applying redefinitions of S fields to C% 



36 



C Integrating out resonance fields 

To arrive at the resonance exchange Lagrangian (3.5), we first perform the hnear field redef- 
initions of Sec. 2.3 and then rewrite the interaction Lagrangians (2.13), (2.17) and (2.18) as 
follows: 

R=S,P R=V,A 
R=S,P 

+ ({ V,S, P}un+iXl'' { {S, P} X- > 

R=V,A 

+ Af ^ ( { V,S, A^^ }u.)+ Af ( { A,, } /r ) 

+ i Af ^ ( [WP, V,Aun+i { [P: V,. ] /r ) . (C.2) 

Finally, C^^^ in Eq. (2.19) must be included. The explicit expressions for g^, {9n)tJ,iy: ^2^v c^-n 
be read off from Tables 1-7: 

= idmX- : 

( V\ Pv r , ■ [ 1 



Fa_ 

94 = Af {h^,,u^'u''} + X^u^h^'^u, + iAf x+(X-) , 

{94) Ij^^ = iX^ Ui^UaU°'u^ + iX^ UaU^U„U°' + iX^ {u'^,Ui^UaU„} + iX^ {Ui^U^,UaU'^} , 
+ A3 {u^KaU"' + u'^KaUn) , 



9! 
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2R 



2R 
^ VA 



Af^iiX + AfV, R^S,P, 

XT g^'^g^'^g^' + X^ g^ {f^g^' + g^^g^') , R^V,A, 
^vAg„agup^_ + iA^^^^^/i^'^ + iXl^g'^f_'' , 
iX^^g^^^g'^^'u'^ + iX^^ g^'^g'^'^u^' + iA^^^^^^'^V, 



+ ' 



:Af^/f + Af^ii^^/" 



(C.3) 



The final result of integrating out the resonance fields up to 0{p^) is contained in the 
Lagrangian of Eq. (3.5), with 



= E \^{'^^9^'^'9^) + ^{92g^) + ^{g^g^) 



1 A^"^ 
+^ {g2g2h^} + {g^u^g^u^} 



Mi 



+ ^7^ {{^.glgi} u^) + jT^hr {{algn X-) , 



Ml Ml 



(C.4) 



- E 

R=V,A 



Mi 



a/3 "^2^ 



+ 



+ 



(C.5) 
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— I 



M^Ml 



(C.6) 



D Resonance contributions to the LECs of C>(p^) 

In Sec. 3 we integrated out the resonance fields up to 0{jP) in the chiral Lagrangian. By 
identifying the result at 0{p^) with the xPT Lagrangian 



94 



(6) 



(D.l) 



i=l 



we extract the LECs Cj. Notice that we find contributions for only 64 of the couplings, reflect- 
ing the absence of genuine multiple-trace terms in the resonance Lagrangian. Moreover, the 
couplings C91 , . . . , C94 correspond to local operators that involve external fields only (contact 
terms). The results are given in Table D.l. 
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Table D.l: Explicit expressions for the nonvanishing resonance contributions to the Cj. For ease of 
notation, the A-type couplings have been rescaled: Aj ' ' " = A^ ' '"' /{fJ-RfJ-p' • • •), with fis = Mg/cm, 
Hp = Mp/dm, l^v = My/Fy and i^a = M'^/Fa- Further, rs = Cd/cm, ry = Gy /Fy. A number of 
coupling constants are conveniently written in terms of and C32, which is manifestly displayed in 
the table. For additional symbols see text. 
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The following abbreviations have been used: 
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(D.2) 



Eq. (D.2) shows explicitly that several couplings appear always together in the given combi- 
nations. This redundancy can be understood through non-linear redefinitions of the resonance 
fields of the type given in Eq. (2.24). For instance, the field redefinition 



S + 



A 



sss 



Ml 



SS 



(D.3) 
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generates a contribution from the scalar mass term, which ehminates the operator O . At 
the same time, it generates contributions to Of^ and O^^ originating in the q and Cm terms 
of £^2) i'^ (2.13). As a resuh, the couphngs A'^'^'^, Af*^ and Af'^ can only appear through the 

combinations (Af*^)' and (Af"^)'. 

Similarly, the field redefinitions 

eliminate the operator O^^^ through the contributions generated from the scalar and pseu- 
doscalar mass terms. The contributions originating in the c^, Cm and dm terms in (2.13) elimi- 
nate also the operator Of ^ and modify the couplings Af ^ and Af^. The net result is that Af ^, 
Af-^. Af^ and A'^^^ can only contribute to the 0{p^) couplings Cj^ through the combinations 
(AD' and (Af^)'. 

All trilinear couplings X^^^j^k ^j^j g bilinear ones A^^'^^ can be eliminated with this type of 
field redefinitions. One gets then the combinations of couplings in (D.2). 
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